Pairing between fermionic quasi-particles in solids through the exchange of virtual bosonic excitations is one of the most studied phenomena in the solid state because it can lead to remarkable emergent phases of matter like superconductivity. This phenomenon has been extensively investigated for the case of attractive interactions induced by phonons [i] and magnetic excitations [ii]. Vacuum fluctuations of the electromagnetic field can also provide attractive interactions, albeit with far lower efficiency. Here, we show that photon-mediated superconductivity, which is not observed in free space, is possible in unpumped optical cavities in which spontaneous vacuum fluctuations may lead to pairing at equilibrium. We study the case of a generic material with the parameters of GaAs, embedded in a nanoplasmonic terahertz cavity. We show the possibility of electron-photon superconductivity with critical temperatures on the order of 0.5 Kelvin. Because the electron-photon pairing interaction is effectively longrange, both singlet and triplet pairing are possible. Consequently, cavity-mediated electronphoton superconductors with nontrivial topology may be induced in 2D materials.
We investigate the spin-independent cavity-induced interaction V ⃑ , ⃑ ′ for a square lattice with period and values appropriate for a two-dimensional electron gas in GaAs heterostructures. We choose parameters for this material, since it is well modelled by an ideal Fermi gas with an effective electron mass [xx] and phonon scattering is negligible below 1K [xxi] . Hence, the competing process, electronphonon superconductivity, does not occur. Electron pairing can only be induced by the cavity. We find The potential V ⃑ , ⃑ ′ peaks sharply around ⃑ = ⃑ ′ , such that it can affect only a very narrow region around the Fermi energy. The width of this peak is determined by the cavity properties encoded in the denominator that only depends on | ⃑ − ⃑ ′ |. In the corresponding coordinate space , it is proportional to the zeroth order Bessel function of the second kind, 0 ( 0 ⁄ ), shown in Fig. 1 (b1). The denominator shows a logarithmic divergence at the origin, and tails decaying as exp(− 0 ⁄ ) / √ 0 ⁄ . The exponential decay is a consequence of the off-resonant coupling. At larger distances, the virtual photons take on a real character, and the interaction is suppressed by energy conservation. The length scale of the decay, / 0 is m for THz cavities, and thus up to four orders of magnitude larger than typical lattice constants ∼ 10Å. For all practical purposes, the cavity-mediated interaction can therefore be considered a long-range interaction.
The numerator of V ⃑ , ⃑ ′ depends solely on ( ⃑ + ⃑ ′ )/2. As the interaction affects only a very narrow region around the initial wavevector ⃑ , the numerator effectively modulates the interaction strength as a function of the angle of the Cooper pair momentum with the lattice axis. It is determined by the gradient of the band energy at the Fermi surface. This contrasts with standard phonon induced interactions that increase with the density of states at the Fermi surface. The numerator imprints the lattice geometry onto the interaction potential as shown in Fig. 1 (b2) for a square lattice.
Using the standard Bardeen-Cooper-Schrieffer (BCS) approach, we decouple the electron interactions using the mean fields Δ ′ ( ⃑ ) = Σ ⃑ ′ V k ⃑ ⃑ , ⃑ ′ 〈 − ⃑ ′ ′ ⃑ ′ 〉 and investigate the eigenspectrum of the interaction vortex on the Fermi surface (see Methods). This enables us to identify the leading superconducting instabilities shown in Fig. 1(d) and to estimate the critical temperature to be on the order of ≈ 0.5 K for a cavity compression ∼ 2 × 10 −4 3 . Cavity-mediated electron interactions could readily be detected with existing THz cavity technology.
As the current operator conserves electron spins, the interaction V k ⃑ ⃑ , ⃑ ′ can, in principle, facilitate electron pairing in both the singlet and the triplet channel. The eigenvalue spectrum is dominated by four nearly degenerate eigenvalues. These are shown in Fig. 1 (c) and represent, in decreasing order, -wave, -wave, and -wave symmetries. This four-fold structure is a consequence of the square lattice geometry and the long-range nature of the interaction which pushes the eigenvalues towards degeneracy. Since the pairing potential of two electrons is broad compared to electronic length scales, a node (as in -wave or -wave pairing) in the two-electron wavefunction only results in an extremely small energy penalty.
In this near-degenerate situation, the ground state of the system cannot share the full symmetry of the Hamiltonian, since it is impossible to combine four distinct gap functions, while simultaneously conserving parity-, time reversal-, and the full lattice-symmetry. It is well known from the investigation of non-centrosymmetric superconductors, where singlet and triplet components coexist, that the system should undergo a topological phase transition when both singlet and triplet components have the same magnitude [xxii,xxiii] . Thus, from the obtained eigenvalues, we should expect the system to be close to such a transition.
We describe the competition between the different phases by adopting a standard mean field
Hamiltonian for unconventional superconductivity that captures the symmetry properties of the leading eigenfunctions. This will determine the symmetry of the true ground state of the system and allow us to discuss its topological properties. We write the gap function in its usual representation The degeneracy between the three symmetries is an accidental property of our model in which we neglected other electron-electron interactions. In a real material, these interactions, even when they are very small (as e.g. in GaAs), are bound to break the degeneracy, and push the system into either -, -, or -wave phases. Here we examine the simplest possible perturbation: a constant Hubbarddescribing a local attractive or repulsive electron interaction. We replace the original interaction with ⃑ ⃑ ′ − / , where denotes the number of lattice sites and investigate the leading orders as a function of . Hence, materials with -even very weak -repulsive interactions at the Fermi surface are dominated by a state with + symmetry of the gap function. This is a helical state [xxv] which is known to possess topologically protected edge states [xxvi] . Its band structure is shown in Fig. 2 (b) for a finite system with a larger bulk gap, such that the edge states can be clearly distinguished even in the finite case. The two topologically distinct regions are separated at = 0, where the system must undergo a topological phase transition. We have not analyzed the nature of this transition yet. In the case of GaAs, inc luding the screened Coulomb repulsion yields ≃ 0.25 , which puts the system firmly into the topological regime.
Our results thus open a surprising new route towards the realization of topological superconductors.
In addition, cavity-induced modifications of the electronic ground state -like experiments in molecular systems [xxvii,xxviii,xxix] , and related theoretical proposals to employ cavities to change molecular dynamics [xxx,xxxi,xxxii,xxxiii] -could prove to be a very powerful tool to enhance or design coherent electronic states in two-dimensional materials. In this letter, we have not considered possible external driving of the cavity. Due to optical nonlinearities of the electron gas, such driving will influence cavity-mediated interactions and might possibly be able to stabilize pairing at higher temperatures.
In summary, we have investigated electron interactions mediated by a THz cavity strongly coupled to a two-dimensional electron system. These long-range interactions arise -very much like van der Waals or Casimir-Polder forces between macroscopic bodies -from the exchange of virtual photons between spontaneous current fluctuations. Long-range interactions in two-dimensional superconductors are also predicted in polariton-mediated superconductivity, where they could also favour -wave pairing [xv] . Here, we demonstrated that the THz regime could allow for a simpler setup, in which the interaction is transmitted directly by cavity photons. This is made possible by the much smaller cavity volumes in the THz regime compared to optical cavities. The critical temperature scales approximately linearly with the cavity frequency. This suggests that e.g. Ref.
[ix] conducted their measurements above , and thus did not observe the effect we have predicted here. We also did not investigate the effect of impurities, which could further reduce .
Beyond electronic systems, the cavity coupling to ultracold atoms could result in similar physicsthough at very different energy scales -and possibly yield topological superfluid phases. This will be explored in future work.
METHODS

Model and effective interaction
The multimode cavity is described by the usual Hamiltonian Integrating out the cavity Hamiltonian, which is in its ground state, and using that ℏ ≫ | ⃑ − ⃑ ′ | (since the electron momenta can only change by the photon momentum q), the interaction Hamiltonian int yields a cavity-mediated electron interaction
In the Cooper channel, we obtain the attractive interaction with interaction strength
Here, V 0 = 4 Effective model In the effective model described in the paper, we calculate the zero-temperature mean-field value from the usual BCS relation,
We obtain the same critical temperature for all near-degenerate eigenvalues, and discard the smaller values. [xxv]. These are the simplest representations of the corresponding symmetries, and feature the same zeroes as the exact eigenfunctions of the eigenvalue equation in the previous section which may have a more complex structure, and which are not straightforwardly obtained on the full Brillouin zone.
Electron interactions
To determine an appropriate Hubbard-U for a two-dimensional electron gas in a GaAs heterostructure, we consider the screened Coulomb repulsion in two dimensions, ( ⃑ 
Bandstructure in finite system
To produce the band structure in Fig. 2 , we solve the mean field Hamiltonian on a finite lattice with = 400 sites along the x-direction and periodic boundary conditions along the y-direction,
where Ψ ( ) denotes the electron spinor at site . The matrices ĥ and ĥ , +1 are given in the supplementary information. * dieter.jaksch@physics.ox.ac.uk Supplementary Information: Cavity-mediated electron-photon superconductivity The setup is sketched in Fig. 1(a) of the main text. We model the cavity as perfectly reflecting mirrors at z = 0 and L. Thus, the tangential component of the electric field and the normal component of the magnetic fields must vanish at the mirrors' position. In addition, we impose periodic boundary conditions in the xy-plane. Given an electronic system filling the xy-plane with a spacing a between the lattice sites, the size of the cavity in the plane is L x L y = Na 2 . For the mean field, we shall consider the thermodynamic limit N → ∞.
To derive expressions for the cavity field, we follow the derivation in [1] . The boundary conditions are satisfied by the vector potential of the form
where b n denotes the field amplitude in the n-th direction, the filling material dielectric constant, and 0 the vacuum dielectric constant. Transversality imposes q · A = 0, such that the b i are not linearly independent. Therefore, we write q = |q|(sin θ cos φ, sin θ sin φ, cos θ), and rotate to a new basis, in which the z-component is parallel to q, with the rotation matrix
The new eigenmodes are then given by u qs = iêi O q si u qi , and we obtain the two transverse field modes
with the polarisation vectorŝ
(the transverse electric mode) where in the second step we used that |q z | |q x |, |q y |, and therefore θ 0, and φ = * dieter.jaksch@physics.ox.ac.uk arctan(q y /q x ). We have further set πz/L ∼ π/2, i.e. the electron system is placed at the maximum of the cavity field. The second polarisation is given bŷ
(the transverse magnetic mode). Thus, the z-component of the field can be neglected, and we obtain the vector potential
Note that the TM mode also has a gapless mode with k z = 0, which is however polarised along the z-direction [2] , and does not couple to the electronic system in the present setup.
B. Coupling to electron field
The paramagnetic Hamiltonian couples the cavity field to the current operator of the electron system, and reads in real space
where n denotes the summation over the lattice sites. In a rectangular lattice with nearest-neighbour hopping, the current operator is given by
where n + 1 x = (n x + 1, n y ) and n + 1 y = (n x , n y + 1). Using the form of the vector potential (S6), the interaction Hamiltonian then yields in k-space
with
S2
and
where in our setupg
0.1t.
Here, α 1/137 denotes the fine structure constant, and we used = 13 for GaAs (see table I ). This coefficient is similar to the one obtained in [3] for the coupling of cyclotron transitions to a cavity field. The coefficients obey the symmetry g
. This is the cavity coupling for a half-wavelength cavity with ω 0 = cπ/L z . In the case of a nanoplasmonic cavity, the field is further enhanced below the free-space limit. For instance, in Ref. [4] , the cavity volume is estimated to be V = 2.5 × 10
, where λ 0 is the vacuum cavity wavelength. It is this further compression of the cavity field that enables the experiments to reach the ultrastrong coupling regime, where the coupling becomes comparable to the cavity frequency. To describe this situation phenomenologically (without ab initio simulation of the cavity field), we rescaleg 0 by the reduction of the mode volume below the λ 3 -limit,
where we define the reduction of the cavity below the far field limit, and we restrict ourselves to A ≥ 10 −5
.
II. PARAMETER VALUES FOR GAAS HETEROSTRUCTURES
Electron band mass m * = 0.07 m e Lattice constant a = 5.6 Å Dielectric constant = 13 Electron density n e = 3.6 × 10 The parameters are obtained from reported values in [4, 7, 11, 12] , and are given in table I. From these, we calculate the transfer integral
and the Fermi wavevector (which we measure in units of the lattice constant a)
which amounts to a chemical potential µ = −3.97t. The chemical potential can be controlled experimentally, and in this paper, we employ a larger chemical potential µ = −3.9t, as a larger electron density fosters stronger pairing interactions. The speed of light in GaAs in given by
where c 0 = 3 × 10 8 m/s is the vacuum speed of light. For µ = −3.9t, i.e. low filling ratios, the electron dispersion is approximately quadratic,
withμ = 4t + µ.
III. WOLF-SCHRIEFFER TRANSFORMATION
To obtain the effective cavity-mediated interaction, we aim to eliminate the interaction Hamiltonian (S9) by a WolfSchrieffer transformation, i.e. we rotate to a new frame with Hamiltonian
where we choose S , such that
and thereby eliminate the coupling to the cavity to leading order. This is the case for
From the last commutator in Eq. (S21), we then obtain the effective interaction discussed in the Methods section of the main text.
A. Change of electron dispersion
In tracing out the photon field, one also obtains a renormalisation of the electronic band structure due to scattering processes, when k = k + q and σ = σ. We obtain
The prefactor can be estimated as (see section IV B)
Again, it can be safely neglected, as long as the cavity is in its ground state.
IV. THE CRITICAL TEMPERATURE
Here we present two estimations of the critical temperatures of the cavity-mediated interaction -one using the standard textbook approach [5] , and another one relying on the long-range nature of the interaction. Both yield comparable results.
A. BCS theory
In conventional BCS theory, the critical temperature is connected to the largest eigenvalue of the linearised gap equation by [5] k B T c = 2γ
where ν is a solution of the eigenvalue equation (4) , this would even increase to T c = 68 K. However, this approximation cannot account for a finite range of photon momenta in the cavity. So we compare it in the following with a distinct approach in section IV B.
B. Long-range approximation
Here, we consider the full gap equation for s-wave pairing symmetry. The p-and d-wave case could be treated analogously, but here we are only interested in an estimate for the critical temperature.
At finite temperature, the gap equation is given by
In the thermodynamic limit, we replace the summation by an integral, i.e.
To solve this integral equation analytically, we note that c/(aω 0 ) ∼ 10 4 in the THz regime, so the interaction V k, k decays very quickly in k-space (i.e. it is long-range in real space). Thus, only a very short range of wavevectors will be affected, and we can write approximately,
where a 0 is chosen such that the both sides of Eq. (S35) integrated over the first Brillouin zone yield the same result, i.e. 
where we introduced a momentum cutoff q max for the in-plane photon momenta supported by the cavity in the second line which we discuss below. We then obtain
The factor 2π in Eq. (S37) stems from the integration over the azimuthal angle. The momentum cutoff q max evidently S4 depends on the cavity geometry. Our present model of two infinite cavity walls sustains arbitrary q-values, and we can set q max = π/a. In this case, we obtain log(1 + (πc/(aω 0 )) 2 ) 20 (for the values in GaAs). In practice, however, only a finite range of photon momenta will be sustained. To estimate a lower bound for these, we note that the minimal photon momentum in a cavity of length L in the x/y-plane should be q min = π/L. In [4] , this length is L = 45 µm, yielding q min a = 3.3 × 10 −5
, and thus log[. . .] ≥ log(1 + (1/3) 2 ) = 0.1. In [6] , the cavity length is given by L = 2 µm, thus q min = 8.7 × 10 −4 , and log[. . .] ≥ 2.9. In the following, we assume the logarithm to be on the order of unity,
